Abstract: The subject of this paper is to analyse the Math Principia of Economic 3D Black Holes in Roegenian economics. This idea is totally new in the related literature, excepting our papers. In details, we study two special problems: (i) math origin of economic 3D black holes, (ii) entropy and internal political stability depending on national income and the total investment, for economic RN 3D black hole. To solve these problems, it was necessary to jump from macroeconomic side to microeconomic side (a substantial approach so different), to complete the thermodynamics-economics dictionary with new entities, to introduce the flow between two macroeconomic systems, to study the Schwarzschild type metric properties on an economic 4D system, together with Rindler coordinates, Einstein 4D PDEs, and economic RN 3D black hole. In addition, we introduce some economic Ricci type flows or waves, for further research.
from the theory of Roegen [10] . They also allow us to include in economics the idea of an "economic The last three lines in previous dictionary were introduced here for the first time (required by 28 economic Schwarzschild metric, and economic 3D black holes theory). 
Thermodynamics differential laws

30
The process variables W = mechanical work and Q = heat are introduced into Carathéodory 31 thermodynamics by dW = PdV (the first law) and by elementary heat, respectively, dQ = TdS
32
(differential equality), for reversible processes, or dQ < TdS (differential inequality), for irreversible 33 processes (second law).
34
The Gibbs-Pfaff fundamental equation in thermodynamics is dU − TdS + PdV + ∑ k µ k dN k = 0 (a 35 combination of the first law and the second law in thermodynamics).
36
The third law of thermodynamics states that lim T→0 S = 0. 37
Roegenian economics differential laws
38
The process variables in the economics W= wealth of the system, q = stock market are defined by 39 dW = Pdq (first economic law, elementary wealth in the economy) and dq = IdE or dq < IdE (second 40 economic law, elementary production of commodities). A commodity is an economic good, a product of 41 human labor, with a utility in the sense of life, for sale-purchase on the market in the economy. Newton's law of universal gravitation states that every particle attracts every other particle in the universe with a force which is directly proportional to the product of their masses and inversely proportional to the square of the distance between their centers. The equation for universal gravitation thus takes the form
where F is the gravitational force acting between two objects, m 1 and m 2 are the masses of the objects, r
61
is the distance between the centers of their masses, and G is the gravitational constant.
62
The normalized Planck constanth is a physical constant that is the quantum of action (central notion 63 in quantum mechanics). The Planck constant represents the proportionality between the momentum 64 and the quantum wavelength of not just the photon, but the quantum wavelength of any particle.
65
The previous dictionary adds to "gravity models of significative flow between two macroeconomic systems.
67
Definition 2. The economic center of gravity of a specific economic system is the region with the largest 68 contribution to (national) income.
69
In this sense, the distance r between two economic systems means the economic distance between 70 two centers of economic gravity.
71
The flow between (national) incomes shows that every macro-economic system attracts every 72 other macro-economic system by a force acting between the economic centers of gravity. The strength 73 of this force is proportional to the product of the two national incomes, and inversely proportional to 74 the square of the distance between them.
75
Definition 3. Suppose G stands for universal economic constant (an economic constant of proportionality), Y stands for the (national) income, and r stands for the economic distance between the two macro-economic systems that are being studied. The formula
defines the flow between (national) incomes.
76
The normalized economic quantumh is the economic quantum of action. 
Math origin of economic 3D black holes
78
We recall what economists commonly call economic black holes [2] Geometrically, the shorthand for all selected coordinates is x µ , where the index µ take values 0; 1; 2; 3.
96
The national income Y, total investment I, economic spin J are economic parameters.
97
To understand the relevant parameters and the geometry of economic black holes, we add some the determinant of the metric g = det(g µν ) (which is a negative number), the arc-length square 101 ds 2 = g µν dx µ dx ν , the Ricci tensor field R µν , and the Ricci scalar R = g µν R µν . Also, we set c = 1.
102
The pseudo-Riemannian approach to economics is not only a mathematical curiosity but a useful 103 technique to solve actual problems, since it might deliver local information of economic systems 104 relying solely on global data.
105
Similar to the Einstein-Maxwell theory in Thermodynamics, we introduce the economic action
Theorem 1. The Euler-Lagrange PDEs are the vacuum 4D Einstein PDEs
Proof. The technique of obtaining the Euler-Lagrange PDEs is well-known. Equating to zero the variation, i.e.,
taking δg µν arbitrary, we obtain the Euler-Lagrange PDEs (the equation of motion for the metric field),
with the unknowns g µν (components of the metric). are vacuum Einstein PDEs with the unknowns g µν (components of the pseudo-Riemannian metric).
108
Consider the economic Schwarzschild metric g µν which is a spherically symmetric, static solution of 109 previous Einstein PDEs. This metric is expected to describe the geometry of economic time-space 110 outside or inside an economic black hole.
111
Let us use G as the universal economic constant, Y as the national income (parameter), t as the time, r as the radial coordinate, and Ω as the solid angle on a 2-sphere. Then economic Schwarzschild metric solution g µν is given by the arc-length square
If r > 2GY (exterior), then the signature of the metric g µν is (−, +, +, +). If 0 < r < 2GY (interior), then the signature of this metric g µν is (+, −, +, +). The r = 0 singularity is known as a curvature singularity and is irremovable. The metric appears also to be singular at r = 2GY because g 00 = 0 (vanish) and |g rr | → ∞ (diverge). Let us show that the r = 2GY singularity is a coordinate singularity and may be removed by an appropriate coordinate transformation. As example, the coordinate transformation
In the new coordinates (u, r, θ, ϕ), the components of the metric are non-singular at r = 2GY. Moreover, comes from the region near the event horizon.
118
Theorem 2. The pseudo-Riemannian metric
is approximated by the pseudo-Riemannian metric
Proof. To focus on the near horizon geometry in the region r − 2GY 2GY, let us define r − 2GY = ξ, so that when r → 2GY we have ξ → 0. The metric then takes the form
Taking into account the inequality ξ 2GY 1, we find the approximation 
From this form of the metric it is clear that the coordinate ρ measures the geodesic radial distance. Note that the geometry factorizes. One factor is a 2-sphere of radius 2GY and the other is the (ρ, t) space
119
In the next subsection, we show that this 1 + 
158
We introduce the economic action (multiple integral functional)
associated to the Lagrangian
Let I be the total investment, Y be the national income, and F tr = I 2 r 2 be the non-zero economic field strength component. The pseudo-Riemannian metric of the economic system is now given via arc-length square
We can recover the formulae for economic Schwarzschild metric taking the limit I → 0.
159
The most general static, spherically symmetric, charged solution of the Einstein -Maxwell theory
160
gives the economic Reissner-Nordström (RN) 3D black hole.
161
From the previous metric we see that the event horizon for this solution is located there where , where G is the universal economic constant.
166
Any economic system has an "internal political stability" and hence it has "economic entropy". 
171
Leth be the economic Planck constant. The "BH-internal political stability" and the "economic entropy" are given in terms of the surface economic gravity and horizon area by the formulae
where A means area of the economic black hole. Using geometrized units where G = 1,h = 1, c = 1, 8 of 12
(ii) The BH-internal political stability
(iii) The spaces {E, I}, E ≥ I ≥ 0, and {Y, I}, Y ≥ I ≥ 0, are diffeomorphic equivalent.
176
(iv) The total entropy (total BH-internal political stability) of the economic black hole is obtained by 177 integration.
178
Hints: (i) Identify the horizon for the previous economic metric and examine the near horizon 179 geometry to show that it has two-dimensional Rindler space-time as a factor.
180
(ii) Using the relation to the Rindler geometry, we determine the economic surface gravity κ as for 181 the economic Schwarzschild black hole and thereby determine the internal political stability of the 182 economic black hole.
183
(iii) In the extremal limit Y → I, the internal political stability vanishes but the entropy has a 184 nonzero limit.
185
Corollary 1. The entropy of the economic black hole is a convex function on the space {Y, I}, Y ≥ I ≥ 0.
186
Corollary 2. Let us consider either the function (E, I)
The plot of the first component colored by the second component highlights entropic areas of economic interest,
188
respectively areas of internal political stability influenced by entropy.
189
Hint: We use the Maple subroutine "complexplot3d".
190
Finally, for the extremal Reissner -Nordström economic black hole, the near horizon geometry is 191 of the form AdS 2 × S 2 , i.e., (r, t) is a two-dimensional Anti-de Sitter (AdS 2 ) and the second factor is 192 the 2-sphere S 2 . Accept c = 1 and denote 2κ = 16πG. Suppose that we use a full economic action
where L describes any economic fields appearing in the economics theory.
195
Theorem 4. The Euler-Lagrange PDEs are the vacuum Einstein PDEs
Proof. Again we shall use a well-known technique. The action principle then tells us that the variation of this action with respect to the inverse metric is zero, yielding
Since this equality should hold for any variation δg µν , we find
Since δR δg µν = R µν , these are the equations of motion for the metric tensor field g µν , i.e., Einstein PDEs. The right hand side is proportional to the economic stress-energy tensor field
196
Economic 4D Einstein PDEs and Ricci type flows or waves
197
Let g µν (x) be the components of a general economic metric and R µν the associated Ricci tensor on time-space R × R 3 . The first component of x = (x 0 , x 1 , x 2 , x 3 ) is the time x 0 = t. The solutions g µν (x) of the Einstein PDEs
are "waves" with respect to x 0 = t.
198
Suppose that the components of the economic metric g µν (x) do not depend explicitly on t. Then we introduce a Ricci type flow g(x, τ) satisfying
and a Ricci type wave g(x, τ) by ∂ 2 g µν ∂τ 2 = −2R µν . An evolution metric g(x, τ), starting from g µν (x), determines an evolution of all geometric ingredients 199 (connection, geodesics, curvature tensor field, Ricci tensor field, and scalar curvature).
200
On the other hand, we can introduce the economic flow has not been undertaken totally up to date. Our paper has a high degree of complexity because it uses 238 techniques and ideas from differential geometry and thermodynamics to produce non-contradictory 239 information in economics.
240
In this context, we show that an economic black hole has two characteristics depending on by entropy. Future research will clarify the economic sense of these statements.
248
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